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ON GRADED IDENTITIES OF BLOCK-TRIANGULAR
MATRICES WITH THE GRADING OF DI
VINCENZO-VASILOVSKY
LUCIO CENTRONE AND THIAGO CASTILHO DE MELLO
Abstract. The algebra of n × n matrices over a field F has a natural Zn-
grading. Its graded identities have been described by Vasilovsky who extended
a previous work of Di Vincenzo for the algebra of 2×2 matrices. In this paper
we study the graded identities of block-triangular matrices with the grading
inherited by the grading of Mn(F ). We show that its graded identities follow
from the graded identities of Mn(F ) and from its monomial identities of degree
up to 2n − 2. In the case of blocks of sizes n − 1 and 1, we give a complete
description of its monomial identities, and exhibit a minimal basis for its TZn -
ideal.
1. Introduction
Let F be a field and A be an associative algebra over F . We say that A is a
polynomial identity algebra (PI-algebra, for short), if there exists a non-zero poly-
nomial f(x1, . . . , xk) in the non-commutative variables of the set X = {x1, x2, . . . },
such that f vanishes under any substitution by elements of A. In this case, we say
that f = 0 is a polynomial identity for A. If A is a finite dimensional algebra of
dimension d < n, then it satisfies the standard polynomial identity of degree n
sn(x1, . . . , xn) =
∑
σ∈Sn
(−1)σxσ(1) · · ·xσ(n) = 0.
In particular, the n × n matrix algebra over the field F , Mn(F ), is PI, since it
satisfies the standard polynomial sn2+1. In fact by the well known theorem of
Amitsur-Levitzky, Mn(F ) satisfies the identity s2n.
The set of all polynomial identities of a given algebra A, denoted by T (A), is an
ideal of F 〈X〉, the free associative algebra freely generated by X , i.e., the algebra
of non-commutative polynomials in the variables of X . Moreover, T (A) is invariant
under the image of any endomorphism of F 〈X〉. An ideal with this property is
called a verbal ideal or a T-ideal. Given a set of polynomials F ⊆ F 〈X〉 we say
that I is the T-ideal generated by F , if I is the smallest T-ideal containing F . In
this case we say that F is a basis for I or that the elements of I follow from the
elements of F .
One of the central problems in the PI-theory, known as the Specht’s problem,
is to determine if there exists a finite basis for the polynomial identities of a given
algebra. In charateristic zero, this problem has been completely solved by Kemer
[11]. Although the existence of a finite basis is known, it is a very difficult problem
to find a finite basis for the T-ideal of a given algebra. If F has characteristic
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zero, the polynomials [[x, y]2, z] and s2n(x1, x2, x3, x4) form a basis for the poly-
nomial identities of M2(F ). Nevertheless the problem of finding a finite basis for
T (Mn(F )), for n > 2, is still far to be solved. In light of this it is more useful to
study “weaker” polynomial identities such as identities with trace, identities with
involution, identities with group actions, and graded identities. The graded identi-
ties, for example, played an important role in the solution of the Specht’s problem in
the work of Kemer. We recall that the Specht’s problem has been solved positively
in the graded case by Aljadeff and Kanel-Belov [1].
In this paper we study the graded identities of block-triangular matrix algebras.
If d1, d2, . . . , dm are positive integers, such that d1 + · · · + dm = n, we denote
by BT (d1, . . . , dm;F ) the subalgebra of the matrix algebra Mn(F ) consisting of
matrices of the type 

A11 A12 · · · A1m
0 A22 · · · A2m
...
...
. . .
...
0 0 · · · Amm


where Aij ∈Mdi×dj (F ) for each i, j.
The algebra BT (d1, . . . , dm;F ) is called the algebra of block-triangular matrices
of size d1, . . . , dm over F . In a similar way, one defines BT (d1, . . . , dm;R), of
block-triangular matrices with entries from an arbitrary algebra R.
The block-triangular matrices are quite important in the description of the so
called minimal varieties of algebras with respect to their codimension growth, see
[9, 10, 8]. Based on a theorem of Lewin [13], Giambruno and Zaicev [7] have shown
that such algebras have the “factoring property”, i.e., their T-ideals factor as the
product of the T-ideals of their diagonal blocks.
In a fortcoming paper [2] the authors give sufficient conditions on the graded
PI-algebra R such that BT (d1, . . . , dm;R) has the factoring property. In [6] Di Vin-
cenzo and La Scala studied the graded identities of the algebra of block-triangular
matrices over a field, graded by a finite abelian group G. They showed that if R is
block-triangular with diagonal blocks A and B, then R has the factoring property
if and only if one between A and B is G-regular. Nevertheless, the G-regularity
condition does not cover the following case. Let us consider Mn(F ) graded by the
Di Vincenzo-Vasilovsky grading and consider the subalgebra of block-triangular
matrices, BT (d1, . . . , dm;F ). In this case BT (d1, . . . , dm;F ) satisfies monomial
identities and does not have the factoring property. Nevertheless, we are still inter-
ested in finding a description of monomial identities and a finite basis for the ideal
of graded identities of these algebras. Let us consider a block-triangular matrix
algebra such that all its diagonal blocks are isomorphic to the base field F , the so
called upper-triangular matrix algebra. In [4, 5, 12] we have a complete description
of the G-graded polynomial identities for the upper-triangular matrix algebra when
the grading group G is finite abelian.
In this paper we show that the graded polynomial identities of a subalgebra
of Mn(F ) endowed with the grading of Di Vincenzo-Vasilovsky and generated by
elementary matrices, follow from the Vasilovsky identities of Mn(F ) and from its
graded monomial identities. In particular, we show that the monomial identities of
BT (d1, . . . , dm;F ) follow from monomial identities of degree up to 2n− 2. We also
give a complete description of the monomial identities of BT (n− 1, 1;F ).
32. Graded Structures and Graded Identities of Mn(F )
All fields we refer to are assumed to be of characteristic zero and all algebras we
consider are associative and unitary.
Let (G, ·) = {g1, . . . , gr} be any finite group, and let F be a field. If A is an
F -algebra, we say that A is a G-graded algebra (or G-algebra) if there are subspaces
Ag for each g ∈ G such that
A =
⊕
g∈G
Ag and AgAh ⊆ Agh.
If 0 6= a ∈ Ag we say that a is homogeneous of G-degree g or simply that a has
degree g, and we write deg(a) = g.
We define a free object; let {Xg | g ∈ G} be a family of disjoint countable
sets of indeterminates. We consider X =
⋃
g∈GX
g and we denote by F 〈X |G〉
the free associative algebra freely generated by X . An indeterminate x ∈ X is
said to be of homogeneous G-degree g, written deg(x) = g, if x ∈ Xg. The ho-
mogeneous G-degree of a monomial m = xi1xi2 · · ·xik is defined as deg(m) =
deg(xi1 ) · deg(xi2 ) · · · deg(xik ). For every g ∈ G, we denote by F 〈X |G〉
g the sub-
space of F 〈X |G〉 spanned by all the monomials having homogeneous G-degree g.
Notice that F 〈X |G〉gF 〈X |G〉g
′
⊆ F 〈X |G〉gg
′
for all g, g′ ∈ G. Thus
F 〈X |G〉 =
⊕
g∈G
F 〈X |G〉g
is a G-graded algebra, called the the free associative G-graded algebra. We shall
call G-graded polynomials or, simply, graded polynomials the elements of F 〈X |G〉.
An ideal I of F 〈X |G〉 is said to be a TG-ideal if it is invariant under all F -
endomorphisms ϕ : F 〈X |G〉 → F 〈X |G〉 such that ϕ (F 〈X |G〉g) ⊆ F 〈X |G〉g for
all g ∈ G. If A is a G-graded algebra, a G-graded polynomial f(x1, . . . , xt)
is said to be a graded polynomial identity of A if f(a1, a2, · · · , at) = 0 for all
a1, a2, · · · , at ∈
⋃
g∈GA
g such that ak ∈ Adeg(xk), k = 1, · · · , t. If A has a non-zero
graded polynomial identity, we say that A is a G-graded polynomial identity algebra
(GPI-algebra). We denote by TG(A) the ideal of all graded polynomial identities
of A. We recall that TG(A) is a TG-ideal of F 〈X |G〉. If A is ungraded, i.e., graded
by the trivial group, we talk about polynomial identities and T-ideal of A. We
recall that if two GPI-algebras A and B satisfy the same graded identities, i.e.,
TG(A) = TG(B), then they satisfy the same identities, i.e., T (A) = T (B).
Given a subset Y ⊆ X one can talk about the least TG-ideal of F 〈X |G〉 con-
taining the set Y . Such TG-ideal will be denoted by 〈Y 〉TG and will be called the
TG-ideal generated by Y . We say that an element of 〈Y 〉TG is a consequence of Y ,
or simply, it follows from Y . As in the ordinary case, given a G-algebra A one of
the main problems in PI-theory is to find a finite set Y such that Tg(A) = 〈Y 〉TG .
Such a Y is called a basis for the G-graded polynomial identities of A. We denote
by UG(A) the factor algebra
F 〈X |G〉
F 〈X |G〉 ∩ TG(A)
and we shall call it the relatively
free G-algebra of A.
We consider now a particular Zn-grading over Mn(F ), the algebra of n × n
matrices with entries from F . For each i, j ∈ {1, . . . , n}, let eij denote the n × n
matrix whose its (i, j)-entry is 1 and all the other entries are 0. These matrices,
called elementary matrices, form a basis of Mn(F ) as a vector space. For each
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t ∈ Zn, let M
(t)
n be the subspace of Mn := Mn(F ), spanned by the elementary
matrices eij , such that j − i ≡ t (mod n). The component 0 consists of diagonal
matrices and the component t ∈ {1, . . . , n− 1} consists of matrices of the form

0 · · · 0 a1,t+1 0 · · · 0
0 · · · 0 0 a2,t+2 · · · 0
...
. . .
...
...
...
. . .
...
0 · · · 0 0 0 · · · an−t,n
an−t+1,1 · · · 0 0 0 · · · 0
0
. . . 0 0 0 · · · 0
0 · · · an,t 0 0 · · · 0


,
where the ai,i+t are elements of F . Then Mn(F ) is the direct sum
Mn(F ) =
⊕
t∈Zn
M (t)n .
Since the elementary matrices satisfy
eijekl =
{
eil if j = k
0 if j 6= k
,
we haveM
(t)
n M
(s)
n ⊆M
(t+s)
n for each t, s ∈ Zn, which means that the decomposition
Mn(F ) =
⊕
t∈Zn
M
(t)
n is a Zn-grading forMn(F ). The graded identities forMn(F )
have been described by Di Vincenzo for n = 2 (see [3]) and by Vasilovsky for
arbtrary n (see [14]). The main result of Vasilovsky in [14] is the following.
Theorem 1. All graded polynomial identities of the Zn-graded algebra Mn(F ) fol-
low from the graded identities
(1) [x1, x2] = 0, if deg(x1) = deg(x2) = 0
(2) x1x2x3 − x3x2x1 = 0, if deg(x1) = − deg(x2) = deg(x3)
We denote by In the TZn -ideal generated by the polynomials from (1) and (2).
Let m = x1 · · ·xr be a monomial of F 〈X |G〉, then by a standard substitution of
m = x1 . . . xr we mean a substitution S of the form
x1 7→ ei1,j1 , x2 7→ ei2,j2 , . . . , xr 7→ eir,jr ,
where js − is = deg(xs), so that eis,js ∈ M
deg(xs)
n , s ∈ {1, . . . , r} and we denote
by m|S the evaluation of m by S. In what follows we shall use the following
notation. We denote by mσ the monomial σ ∗ m, where ∗ is the standard left
action of the symmetric group Sr on multilinear polynomials of total degree r, i.e.,
σ ∗ (x1 . . . xr) = xσ(1) . . . xσ(r).
In the proof of the theorem above, Vasilovsky uses the next lemma.
Lemma 2. Let m = x1 · · ·xk be a graded monomial of total degree k. If σ and
τ ∈ Sk and there exists a standard substitution S such that mσ|S = mτ |S 6= 0, then
mσ ≡ mτ (mod In).
53. Graded identities for block-triangular subalgebras of Mn(F )
We consider a graded subalgebra of Mn(F ) generated by elementary matrices in
order to study its graded identities. In what follows we shall say monomial identity
for a monomial that is graded polynomial identity.
Theorem 3. Let A be a graded subalgebra of Mn(F ), generated by elementary
matrices. Then the graded polynomial identities of A follow from In and from the
monomial identities of A.
Proof. Let Jn be the TZn-ideal generated by the graded monomial identities of A
and by In. Since the characteristic of the field F is zero, it is enough to prove
that the multilinear graded identities of A are in Jn. Let f(x1, . . . , xk) be a graded
multilinear identity of A and let r be the least non-negative integer such that f can
be expressed modulo Jn as a linear combination of r multilinear monomials:
f ≡
r∑
q=1
aσqmσq (mod Jn),
where 0 6= aσq ∈ K, σ1,. . . ,σr ∈ Sk. We show that r = 0.
Suppose r > 0, then since mσ1 is not a graded identity, it follows that there
exists a standard substitution S such that mσ1 |S 6= 0. Since for each q ∈ {1, . . . , k},
mσq |S ∈ {ei,j | i, j ∈ {1, . . . , n}} ∪ {0} and
aσ1mσ1 |S =
r∑
q=2
(−aσq )mσq |S ,
there exists p ∈ {2, . . . , k} such that mσ1 |S = mσp |S 6= 0. By Lemma 2, mσ1 ≡
mσp (mod In). Since In ⊆ Jn, we also have mσ1 ≡ mσp (mod Jn), which implies
that
f ≡ (aσ1 + aσp)mσ1 +
r∑
q 6=p,q=2
aσqmσq (mod Jn),
which contradicts the minimality of r and we are done. 
Let us consider the algebra of block-triangular matrices, BT (d1, . . . , dr;F ), with
d1 + · · · dm = n. If Mn(F ) is G-graded, then BT (d1, . . . , dr;F ) inherits the
structure of a G-graded subalgebra of Mn(F ). In what follows we shall consider
BT (d1, . . . , dm;F ), with the grading induced by that of Di Vincenzo-Vasilovsky.
It is easy to see that BT (d1, . . . , dm;F ) satisfies monomial identities. For ex-
ample, if deg(x1) = · · · = deg(xn) = 1, then x1x2 · · ·xn = 0 is an identity for
BT (d1, . . . , dm;F ). By Theorem 3, in order to find the identities ofBT (d1, . . . , dm;F ),
it is enough to find its monomial identities. We begin with the following result.
Lemma 4. Let m = x1 · · ·xt be a monomial identity. If there exists i ∈ {1, . . . , t}
such that deg(xi) = 0, thenm is a consequence of the identitym
′ = x1 · · ·xi−1xi+1 · · ·xt.
We consider the following definition.
Definition 5. Let A,B be elements of Mn(F ). We say that A has an empty line
if there exists a line such that its entries are all 0, and we denote by fA the number
of empty lines of A. Of course n− fA is the number of non-empty lines. We say
that AB has a fall between A and B, if fAB < fA. We shall indicate by F (A,B)
the number of falls of AB between A and B, i.e., the number F (A,B) = fAB − fA.
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We have the following easy lemma.
Lemma 6. Let A, B be homogeneous elements of Mn(F ). Then F (A,B) > 0 if
and only if there exists j such that the j-th column of A is non-zero and the j-th
line of B is zero.
Proposition 7. Let A,B be homogeneous elements of Mn(F ). Then F (A,B) ≤
fB. Moreover, F (A,B) = fB if and only if for every i such that A has the i-th line
empty, B has the (i + deg(A))-th line non-empty.
Proof. Since A and B are homogeneous, we have A =
∑n
i=1 ai,jei,j , with j =
i+deg(A) and B =
∑n
i=1 bi,jei,j , with j = i+deg(B). Then AB =
∑n
i=1 ai,kbk,jei,j
with k = i + deg(A) and j = i + deg(A) + deg(B). Hence, fAB ≤ fA + fB,
which proves the inequality. Now we observe that we have equality if and only
if ai,k = 0 implies bk,j 6= 0, for every i, j, and k such that k = i + deg(A), and
j = i+ deg(A) + deg(B). 
We consider the relatively-free Zn-graded algebra of BT (d1, . . . , dm;F ). Let n ∈
N and set Y = {y
(r)
ij | i, j = 1, . . . , n; r ≥ 1}. We shall construct BT (d1, . . . , dm;F )
as a generic algebra, i.e., as a matrix algebra with entries from the commutative
polynomial ring F [Y ]. For each i ∈ Zn, let Bi be the canonical basis of the com-
ponent BT (d1, . . . , dm;F )
(i).
For every r ≥ 1, and i ∈ Zn, let us consider
G(i)r =
∑
epq∈Bi
y(r)pq epq.
Then we have the following classical result.
Theorem 8. Let n ≥ 1, then UZn(BT (d1, . . . , dm;F )) ∼= F 〈G
(i)
r |r ≥ 1〉.
In light of Theorem 8 we may generalize the definition 5 to the relatively-free
graded algebra of BT (d1, . . . , dm;F ). We note that Proposition 7 and Lemma 6 also
remain valid in this case. From now on let us put G := F 〈G
(i)
r |r ≥ 1〉. Moreover,
let us denote by S the set of the G
(i)
r ’s generating G. Then we have the following.
Proposition 9. Let m ∈ F 〈X |G〉 be a monomial of total degree t such that
m = x1 · · ·xt,
where for each i ∈ {1, . . . , t}, deg(xi) = gi. Let us consider
M = G1 · · ·Gt
a monomial of G of total degree t, where for each i ∈ {1, . . . , t} deg(Gi) = gi.
Then m is a monomial identity for BT (d1, . . . , dm;F ) if and only if there exist
M1, . . . ,Ml submonomials of M , such that
M = M1 · · ·Ml
and for any i ∈ {2, . . . , l}, F (M1 · · ·Mi−1,Mi) = αi and
∑l
i=2 αi = n− fM1 .
In light of Proposition 9 and using the same notations, if M is a monomial of G
such that m is a monomial identity, we may decompose M as
(3) M = G1G2C2Gi3 · · ·Cs−1Gis · · ·Cl−1GilCl,
where M1 = G1, M2 = G2, Ms = Cs−1Gis , if s > 2 and the Cs’s are such that
F (G1G2 · · ·Gis , Cs) = 0, the Gis ’s satisfy F (G1G2 · · ·GisCs, Gis+1) > 0 and l ≤ n.
7By Lemma 4, we suppose deg(xi) 6= 0, for all i. In this case, Lemma 6 implies
F (G1, G2) > 0. If cs = deg(Cs) and zs = deg(Zs), then Cs can be written as
Cs = Gs1 · · ·Gsd ,
such that deg(Gsj ) = dsj and
∑
j dsj = cs. We have the following easy lemma.
Lemma 10. Let m and M be as above such that
M = G1G2C2Z3 · · ·Ci−1Zi · · ·Cl−1ZlCl.
Let
M ′ = Y ′1Y
′
2X
′
2Y
′
3 · · ·Y
′
l X
′
l ∈ G,
where the Y ′i ’s are elements of S such that deg(Y
′
i ) = zi and deg(X
′
i) = ci. Then
for each i ∈ {2, . . . , l}, we have
F (G1G2C2 · · ·Ci−1, Zi) ≤ F (Y
′
1Y
′
2X
′
2 · · ·X
′
i−1, Y
′
i ).
Corollary 11. Let m, M and M ′ be as above and let m′ be the monomial in
F 〈X |G〉 corresponding to M ′. Then m is an identity if and only if m′ is an identity
for BT (d1, . . . , dm;F ).
Proof. Of course m is a consequence of m′. So if m′ is an identity, also is m.
Conversely, by Lemma 10, if m is an identity, we have
n− fG1 =
l∑
i=2
F (G1C1Z2C2 · · ·Ci−1, Zi) ≤
l∑
i=2
F (Y ′1Y
′
2X
′
2 · · ·X
′
i−1, Y
′
i ) ≤ n− fY1 .
Since fG1 = fY1 , we obtain equalities which proves that m
′ is an identity. 
As a consequence of Corollary 11 we have the following.
Proposition 12. Every monomial identity for BT (d1, . . . , dm;F ) follows from one
of degree up to 2n− 2.
The above proposition shows that the graded polynomial identities ofBT (d1, . . . , dm;F ),
follow from In and from monomial identities of degree up to 2n− 2.
4. Graded identities of BT (n− 1, 1;F )
We shall consider the algebra A of block-triangular matrices with two blocks of
sizes n − 1 and 1, then in light of Theorem 3 it is enough to find its monomial
identities in order to describe its TZn-ideal. With abuse of notation, we shall write
j = i instead of j ≡ i (mod n). In what follows we use the following. If m = m1m2
is a monomial, and S1 is a substitution of m1 and S2 a substitution of m2, we
denote by S1S2 the substitution of m acting as S1 on m1 and as S2 on m2.
Lemma 13. Let r < n be an integer and let m = x1 · · ·xr be a graded monomial.
Then the substitution S given by xt 7→
∑n−1
i=1 eij, where j − i = deg(xt) yields
m|S =
∑
i∈I eij, where I ⊆ {1, . . . , n−1}, j−i = deg(m), for every j and |I| ≥ n−r.
Moreover, if x1 · · ·xr−1 does not contain submonomial of degree 0, then |I| = n−r.
Proof. If r = 1 the assertion is obvious. Suppose now r > 1 and consider the
monomial m′ = x1 · · ·xr−1, then m = m′xr . Consider a substitution S′ on m′
such that m′|S′ =
∑
i∈I′ eij , where I
′ ⊆ {1, . . . , n − 1}, j − i = deg(m′) and
|I ′| ≥ n − r + 1. We consider now the substitution S on m. We obtain m|S =
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m′|S′xr |Sr , where xr|Sr =
∑n−1
i=1 eij , with j − i = deg(xr). Then m|S =
∑
i∈I eij ,
with j− i = deg(m′)+deg(xr) = deg(m) and, |I| ≥ n− r, in light of Proposition 7.
To the second part we observe that the substitution S above yields m|S =∑
i∈I eij , where
I = {1, . . . n−1}\{n−deg(x1), n−deg(x1)−deg(x2), . . . , n−deg(x1)−· · ·−deg(xr−1)}
and if m′ does not contain submonomial of degree 0, it means that the numbers
n, n − deg(x1), n − deg(x1) − deg(x2), . . . , n − deg(x1) − · · · − deg(xr−1) are all
pairwise distinct (mod n), which implies that |I| = n− r. 
As a consequence, we have the following corollary.
Corollary 14. Let m = x1 . . . xr be a graded monomial. If r < n, then m is not a
graded monomial identity for A.
Lemma 15. Let m = z1 · · · zkx1 · · ·xrzk+1 · · · zn−r be a graded monomial of degree
n such that k + r < n and deg(x1 · · ·xr) = 0. If r > 0 then m is not a graded
identity for A.
Proof. If r > 0, then by Corollary 14 m1 = z1 · · · zk and m2 = zk+1 · · · zn−r are
not identities for A. Moreover by Lemma 13, there exist substitutions S1 and S2
such that m1|S1 =
∑
j∈J1
eij where j − i = deg(m1), m2|S2 =
∑
i∈J2
eij where
j − i = deg(m2) and |J1| ≥ n − k and |J2| ≥ k + r. Since J1, J2 ⊆ {1, . . . , n − 1}
and |J1| + |J2| ≥ n + r, we have |J1 ∩ J2| ≥ r. By Lemma 13, there exists a
substitution S3 for x1 · · ·xr such that x1 · · ·xr|S3 =
∑
i∈I eii and |I| ≥ n− r. Since
I ⊆ {1, . . . , n− 1}, and |J1 ∩ J2|+ |I| ≥ n, I ∩ J1 ∩ J2 6= ∅. Then the substitution
S = S1S3S2, does not vanish on m and we are done. 
Lemma 16. Let m = x1 · · ·xn be a graded monomial. Then m is a graded identity
for A if and only if deg(xi) 6= 0, for each i, and m′ = x1 · · ·xn−1 does not contain
submonomials of degree 0, i.e., if and only if for any 1 ≤ r < s ≤ n − 1 we have∑s
t=r deg(xt) 6= 0.
Proof. We observe that m is a graded identity if and only if it vanishes under the
substitution S given by xt 7→
∑n−1
i=1 eij , where j − i = deg(xt). If m
′ does not
contain a submonomial of degree 0, then m′|S = ei,n for some i ∈ {1, . . . , n− 1} by
Lemma 13 and m|S = 0. The converse is also true in light of Lemma 15. 
We give now an example of such result. In what follows, the expression x
(j)
i
means that the variable xi has degree j.
Example 17. Let us consider BT (4, 1;F ), then the monomial
x
(1)
1 x
(2)
2 x
(3)
3 x
(4)
4 x
(4)
5 = x
(1)
1 mx
(4)
4 x
(4)
5 ,
where m1 = x
(2)
2 x
(3)
3 , is not a monomial identity for BT (4, 1;F ), since m1 is a
submonomial of x
(1)
1 x
(2)
2 x
(3)
3 x
(4)
4 of homogeneous degree 0. On the other hand, the
monomial
x
(1)
1 x
(2)
2 x
(1)
3 x
(3)
4 x
(4)
5
is a monomial identity for BT (4, 1;F ) because none of the submonomials of x
(1)
1 x
(2)
2 x
(1)
3 x
(3)
4
has homogeneous degree 0.
9Proposition 18. Let k ≥ n and let m = x1 · · ·xk be a graded monomial. Then
m is an identity for A if and only if m is a consequence of a monomial identity of
degree n.
Proof. Let m be a graded monomial identity for A, then we consider its decompo-
sition in UZn(Mkn) as well as in (3),
M = G1G2C2Gi3C3 · · ·GsiCi · · ·GslCl.
Write M1 = G1, Ms = GisCs, s ∈ {2, . . . , l}. We consider the monomial m
′ =
z1 · · · zl ∈ F 〈X |G〉, such that deg(zs) = deg(Ms), for s ∈ {1, . . . , l}.
It turns out that m′ has degree l ≤ n. Since fG1 = 1, by Proposition 9, for any
s ∈ {1, . . . , l − 1}, one has F (M1M2 · · ·Ms,Ms+1) = 1. Consequently, l = n. Let
us prove now that m′ is an identity for A. By Lemma 16 it is enough to prove that
z1 · · · zn−1 has no submonomials of degree 0. If not, let Y be such a monomial,
where Y = mi · · ·mj . In light of Proposition 9 we have F (m1 · · ·mi−1,mi) = 1. If
m1 · · ·mi−1 =
∑l1
s=1 pisjs(y)eisjs , where pisjs(y) is a monomial in the y’s, then
m1 · · ·mi−1mi =
l1∑
s = 1
s 6= t
pisjs(y)eisjs ,
where jt = n. Since deg(m1 · · ·mi−1Y ) = deg(m1 · · ·mi−1), we havem1 · · ·mi−1Y =∑
s∈T pisjs(y)eisjs , where T is a proper subset of {j1, . . . , jl1}. Now the proof fol-
lows once we observe that F (G1G2C2Gi3C3 · · ·GsjCj , Gj+1) = 1 but n /∈ T . 
In light of Proposition 18, we have the following.
Theorem 19. The graded polynomial identities of A = BT (n − 1, 1;F ) follow
from the graded identities (1), (2) and from the monomial identities of degree n,
i.e., the monomials m = x1 · · ·xn such that for any 1 ≤ r < s ≤ n − 1 we have∑s
t=r deg(xt) 6= 0. Moreover, such identities form a minimal basis for the graded
identities of A.
Proof. The fact that such identities form a basis for the identities of A follows from
Theorem 3 and Proposition 18. To show that such base is minimal, it is enough to
observe that a monomial identity of degree n cannot be a consequence of another
monomial of degree n modulo In, or we would have a submonomial of degre 0,
which does not occur in monomial identities. 
5. Conclusions
We observe that the bound obtained in Proposition 12 does not depend on
d1, . . . , dm and Proposition 18 shows that for BT (n− 1, 1;F ) such bound is exactly
n. In light of this we state the following conjecture.
Conjecture 20. Every monomial identity of BT (d1, . . . , dm;F ) follows from mono-
mial identities of degree up to n.
We also have computed the monomial identities for BT (2, 2;F ) of degree up to
6 (=2n − 2). In this case, all monomial identities follow from identities of degree
up to 3. Hence the n in the above conjecture is not minimal, in general.
We can notice that in the proof of Proposition 18 we merely used the decompo-
sition (3) with Ms = GisCs. One question arises naturally: why did we not choose
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Ms = Cs−1Gis? Let us consider, for example, BT (4, 1;F ). It is easy to check that
the monomial
m = x
(1)
1 x
(2)
2 x
(3)
3 x
(4)
4 x
(4)
5 x
(3)
6 x
(1)
7 = 0
is a graded identity for BT (4, 1;F ). Decomposing m as in (3), we obtain
G1 = x
(1)
1 , G2 = x
(2)
2 , G3 = x
(3)
3 , C3 = x
(4)
4 x
(4)
5 , Gi4 = x
(3)
6 , Gi5 = x
(1)
7 .
Using the second choice of monomials Mi, we obtain
m = m1m2m3m4m5,
where m1 = x
(1)
1 , m2 = x
(2)
2 , m3 = x
(3)
3 , m4 = x
(4)
4 x
(4)
5 x
(3)
6 and m5 = x
(1)
7 , but the
monomial
m′ = x
(1)
1 x
(2)
2 x
(3)
3 x
(1)
4 x
(1)
5
is not a graded identity for BT (4, 1;F ).
Conversely let us consider BT (4, 4;F ), then the monomial
m = x
(1)
1 x
(1)
2 x
(1)
3 x
(1)
4 x
(7)
5 x
(7)
6 x
(7)
7 x
(1)
8 x
(1)
9 x
(1)
10 x
(7)
11 x
(1)
12 x
(1)
13 = 0
is a graded identity for BT (4, 4;F ). Decomposing m as in (3), and using the first
choice of monomials, we obtain
m = m1m2m3m4m5m6m7m8,
where m1 = x
(1)
1 , m2 = x
(1)
2 , m3 = x
(1)
3 , m4 = x
(1)
4 , m5 = x
(7)
5 , m6 = x
(7)
6 ,
m7 = x
(7)
7 x
(1)
8 x
(1)
9 x
(1)
10 x
(7)
11 x
(1)
12 , m8 = x
(1)
13 but the monomial
m′ = x
(1)
1 x
(1)
2 x
(1)
3 x
(1)
4 x
(7)
5 x
(7)
6 x
(2)
7 x
(1)
8
is not a graded identity for BT (4, 4;F ). Hence the decomposition used to prove
Proposition 18 does not hold in general for BT (n− k, k;F ).
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